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Abstract: Using generalised geometry we study the action of U-duality acting in three and four dimen-
sions on the bosonic fields of eleven dimensional supergravity. We compare the U-duality symmetry with
the T-duality symmetry of double field theory and see how the SL(2)⊗SL(3) and SL(5) U-duality groups
reduce to the SO(2, 2) and SO(3, 3) T-duality symmetry groups of the type IIA theory. As examples we
dualise M2-branes, both black and extreme. We find that uncharged black M2-branes become charged
under U-duality, generalising the Harrison transformation, while extreme M2-branes will become new ex-
treme M2-branes. The resulting tension and charges are quantised appropriately if we use the discrete
U-duality group Ed(Z).
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1 Introduction
By compactifying the 11- and 10-dimensional supergravities one obtains lower-dimensional theories ex-
hibiting a group of global non-compact symmetries [1–3]. These symmetries originate from the U- and
T-dualities of the parent M- and string theory, respectively, and generate transformations linking different
solutions of the supergravities through a web of dualities. The canonical example is a 10-dimensional so-
lution of type IIA supergravity compactified on a circle of radius R that is related by a Buscher T-duality
transformation to a type IIB solution on a circle with inverse radius 1/R [4, 5].
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There is evidence that rather than being accidental symmetries arising only upon compactification,
these dualities form the inherent symmetries of the 11-dimensional supergravity [6–20]. A natural formu-
lation is generalised geometry [21–24] which allows us to rewrite the bosonic part of the 11-dimensional
supergravity action in a way which makes it manifestly invariant under the duality symmetries [25–29].
This comes at the cost of introducing coordinates which are Fourier dual to winding modes of the M2- and
M5-branes.1 A similar formulation has been developed for T-duality of 10-dimensional supergravities [30–
33].2 The worldvolume of the supermembrane theory as well as the worldsheet of string theory can also be
rewritten in a manifestly duality invariant way by enlarging spacetime [69–72]. One can treat the metric
and matter fields, as well as the spacetime and “dual” coordinates, on the same footing by constructing
the supergravity as a non-linear realisation of the semi-direct product of E11 with its first fundamental
representation [28].3 In general, a solution will depend on spacetime as well as dual coordinates, with the
precise dependence satisfying a duality invariant sectioning condition [29]. The conventional spacetime
solutions are then those which are independent of the dual coordinates. As will be studied in detail in
section 4, dualities will, in general, mix the conventional spacetime coordinates with dual coordinates.
However, dualising only along isometries keeps the solutions independent of dual coordinates. This is the
reason why the dualities emerge in the conventional picture only upon dimensional reduction. We stress,
though, that the generalised geometry formulation allows dualities along any directions, even those which
are not isometries.
In this paper we study the U-duality symmetries of the 11-dimensional supergravity arising as the low-
energy theory of M-theory. In order to avoid difficulties with dualities along time-like directions [78, 79],
we Wick-rotate to obtain Euclidean solutions. We will restrict the dualities to only act in d Euclidean
directions, forming the group Ed
4 [81, 82], as given in table 1. We take the view that this restriction is
artificial, solely for ease of calculation: U-duality should be allowed to act in all 11 Euclidean directions,
even if they are not isometries, thus forming the proposed underlying symmetry group of the supergravity,
E11 [6–20]. We assume throughout that the metric is factorisable g11 = gd ⊕ gd¯, where d¯ = 11 − d, and
that the 3-form, C3, and 6-form, C6, potentials have non-zero components only along dualisable directions.
Then for d < 6 we can only have a non-vanishing 3-form potential in the dualisable directions. The case of
d = 3, 4 is particularly simple because one only needs to consider winding modes of the M2-brane unlike
the d = 5 case where winding modes of the M5-brane will become important. We will consider higher
dimensional duality groups in future publications.
We will first review the E3 and E4 algebras and how to construct the generalised metric as a non-
linear realisation in section 2. These generalised metrics will unify the bosonic fields of 11-dimensional
supergravity in a U-duality tensor which is used to write the low-energy effective action in a manifestly
U-duality invariant way. Then in section 3 we study the local symmetries of the U-duality group which
1For example, the M2-brane has winding modes corresponding to an antisymmetric central charge in the duality algebra,
Zij . This is interpreted as a momentum which is Fourier dual to a coordinate yij . See references [26, 28] for M-theory and
[30] for string theory.
2The reader is referred to references [34–37] for more about generalised geometry and M-theory and references [38–68] for
more applications of generalised geometry in string theory.
3The first fundamental representation gives rise to the spacetime and “dual” coordinates. The semi-direct product of E11
with its first fundamental representation is its motion group, just as the Poincare´ group is the motion group of the Lorentz
group. [73–77]
4For d < 7 we define Ed to be the U-duality group acting in d Euclidean actions as given in table 1. Quantum effects will
break the continuous symmetry group down into its discrete subgroup Ed(Z) [80].
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d Ed Hd
3 SL(3)⊗ SL(2) SO(3) ⊗ SO(2)
4 SL(5) SO(5)
5 SO(5, 5) SO(5) ⊗ SO(5)
6 E6 USp(8)
7 E7 SU(8)
8 E8 SO(16)
Table 1. The U-duality groups Ed and their maximal compact subgroups Hd
form Hd, the maximal compact subgroup of Ed, see table 1. We show how U-dualities transform the
metric g and 3-form potential, C3, in section 4, and compare the transformations to T-dualities of the
10-dimensional Euclidean supergravity in section 5. Finally, section 6 will consider the example of how
M2-branes transform under U-duality.
2 Ed algebra and generalised metric
We begin by reviewing the U-duality algebra Ed.
5 In particular we describe how it arises by decomposing
the E11 algebra and heuristically construct the generalised metric as a non-linear realisation, as has been
done in [28]. There the eleven dimensional duality algebra E11 is decomposed into Ed ⊗ GL(d¯), with
d¯ = 11 − d, by deleting a node of the E11 Dynkin diagram. The Ed subalgebra acts in d directions that
can be dualised, while GL(d¯) acts on the space transverse to the d directions. In [28] it was assumed that
the transverse space is flat. We will not make this assumption here and we will see in section 4 that even
if the transverse space is flat, in general, it will not be flat after the action of a U-duality.
2.1 d = 3 generalised metric
We consider the E11 algebra and decompose it into the duality algebra acting in 3 dimensions. This
leaves the algebra of (SL(2) ⊗ SL(3))⊗GL(8). The GL(8) is the rigid diffeomorphism group of the eight
undualised directions and its non-linear realisation will give rise to gravity in those eight directions [83, 84],
while SL(2) ⊗ SL(3) ≡ E3 is the U-duality group of three dimensions and its non-linear realisation will
lead to the 11-dimensional supergravity fields. We decompose the E11 generators according to this 3 + 8
split and keep the level zero generators6
Kij , R
123, R123 and K
A
B (2.1)
where i, j = 1, 2, 3 and A,B = 4, . . . 11. Kij generate the GL(3) which together with the totally antisym-
metric generators R123 and R123 generate E3 while K
A
B generate GL(8).
5We remind the reader that we follow the convention that Ed always denotes the U-duality groups and their associated
algebras as listed in table 1, even for d ≤ 5.
6The level zero generators are here the generators without mixed indices such as KiA, R
ijA or RijA.
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These generators satisfy
[
Kij,K
k
l
]
= δkjK
i
l − δ
i
lK
k
j , , (2.2)[
KAB ,K
C
D
]
= δCBK
A
D − δ
A
DK
C
B , (2.3)[
Kij, R
klm
]
= 3δ
[k
j R
|i|lm], (2.4)[
Kij, Rklm
]
= −3δi[kR|j|lm], (2.5)[
Rijk, Rlmn
]
= 18δ
[ij
[lmK
k]
n] − 2δ
ijk
lmn
(
Kpp +K
A
A
)
, (2.6)
with all other commutators vanishing. The fully antisymmetrised Kronecker delta is defined as
δijklmn = δ
[i
[lδ
j
mδ
k]
n]
=
1
3!
(
δilδ
j
mδ
k
n + δ
k
l δ
i
mδ
j
n + δ
j
l δ
k
mδ
i
n − δ
i
lδ
k
mδ
j
n − δ
k
l δ
j
mδ
i
n − δ
j
l δ
i
mδ
k
n
)
.
(2.7)
In three dimensions the relations (2.4) – (2.6) simplify to
[
Kij , R
123
]
= δijR
123,[
Kij , R123
]
= −δijR123,[
R123, R123
]
= Kjj −
1
3
(
Kjj +K
A
A
)
.
(2.8)
In order to see the SL(2) ⊗ SL(3) structure explicitly, we define K = Kii, K˜
i
j = K
i
j −
1
3Kδ
i
j and
K¯ = 23K −
1
3K
A
A. Then SL(3) is generated by the trace-free generators K˜
i
j while the SL(2) is generated
by K¯,R123 and R
123
[
K˜ij, K˜
k
l
]
= δkj K˜
i
l − δ
i
lK˜
k
j ,
[
K˜ij, R
123
]
= 0,
[
K˜ij , R123
]
= 0,[
K, K˜ij
]
= 0,
[
K¯,R123
]
= −2R123,
[
K¯,R123
]
= 2R123,[
R123, R123
]
= K¯,
[
KAB ,K
C
D
]
= δCBK
A
D − δ
A
DK
C
B .
(2.9)
To obtain the commutators of brane charges and spacetime momenta with the Ed ⊗ GL(d¯) algebra
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generators one considers the algebra of its motion group.7 We quote here the results found in [28].
[
Kij, Pl
]
= −δilPj +
1
2
δijPl,[
Kij , Z
kl
]
= 2δ
[k
j Z
|i|l] +
1
2
δijZ
kl,[
Rijk, Pl
]
= 3δ
[i
l Z
jk],[
Rijk, Zkl
]
= 0,
[Rijk, Pl] = 0,[
Rijk, Z
lm
]
= 6δlm[ij Pk],[
KAB, PC
]
= −δACPB +
1
2
δABPC ,[
KAB, Pi
]
=
1
2
δABPi,[
KAB , Z
kl
]
=
1
2
δABZ
kl,
[
Kij, PA
]
=
1
2
δijPA
(2.10)
and all others vanishing.
We want the generalised metric to act on the generalised coordinates
XM =


xi
1√
2
yij
xA

 (2.11)
which form an element of the algebra of the motion group
X = XMTM
= xiPi + x
APA +
1
2
yijZ
ij,
(2.12)
where TM are the generators of the generalised translation group.
With each generatorKij , R123, R
123 andKAB we associate a field, gij,Ω
123, C123 and gAB respectively.
8
C123 is just the 3-form potential of 11-dimensional supergravity while Ω
123 is a trivector field which can be
and usually is gauged away as we will explain in section 3.9 gij are the components of the metric along the
dualisable directions xi, i = 1, 2, 3 and gAB the components along the other eight. We want to represent
the Ed generators by linear operators acting on the generalised coordinate basis
{
∂
∂xi
, ∂∂yij ,
∂
∂xA
}
which
maps to the generalised translation generators in the motion algebra,
{
Pi, Z
ij , PA
}
. Thus we consider the
Ed generators in the adjoint representation acting on an element of the generalised translation algebra
7See [28] and references therein for details on how to construct the motion group.
8Recall that we assume that the metric is factorisable, i.e. giA = 0.
9We expect the trivector field to play a role in non-geometric backgrounds where it may not be possible to gauge it away.
This is similar to the role the bivector plays in string theory, see [42, 44, 46–48, 85].
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X = XMTM . For example, we can find the appropriate linear operator corresponding to −h
i
jK
j
i by
finding its commutator with the generalised translation generators Pi, Z
ij, PA,
[
−hijK
j
i, Pl
]
= −hij
(
−δjl Pi +
1
2
δjiPl
)
= hilPi −
1
2
(Trh)Pl,
(2.13)
[
−hijK
j
i, Z
kl
]
= −hij
(
2δ
[k
i Z
|j|l] +
1
2
δjiZ
kl
)
= −hkjZ
jl + hljZ
jk −
1
2
(Trh)Zkl,
(2.14)
[
−hijK
j
i, PA
]
= −
1
2
(Trh)PA, (2.15)
so that an element of the generalised translation algebra transforms as
X → X ′ =
(
hij −
1
2
(Trh) δij
)
xjPi −
1
2
(Trh) δABx
BPA
+
(
−hmkδ
n
l + h
n
kδ
m
l −
1
2
(Trh) δmnkl
)
1
2
ymnZ
kl.
(2.16)
under the action of the adjoint operator corresponding to −hijK
j
i. The linear operator acting on the
generalised coordinate components is thus
− hijK
j
i = −
1
2
Trh


hij 0 0
0 −2h
[m
[kδ
n]
l] 0
0 0 δAB

 . (2.17)
Similarly, we find for the other Ed generators
1
3!
ΩijkRijk =


0 1√
2
Ωimn 0
0 0 0
0 0 0

 , (2.18)
1
3!
CijkR
ijk =


0 0 0
1√
2
Cklj 0 0
0 0 0

 , (2.19)
−kABK
B
A = −
1
2
Tr k

 1 0 00 1 0
0 0 kAB

 . (2.20)
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Using the exponential map we obtain the Ed ⊗GL(d¯) group elements
exp(−hijK
j
i) = |e
h|−1/2


(
eh
)i
j
0 0
0
(
e−h
)[k
[m
(
e−h
)l]
n]
0
0 0 1

 , (2.21)
exp(
1
3!
ΩijkRijk) =


1 1√
2
Ωimn 0
0 1 0
0 0 1

 , (2.22)
exp(
1
3!
CijkR
ijk) =


1 0 0
1√
2
Cklj 1 0
0 0 1

 , (2.23)
exp(−kABK
B
A) = |e
k|−1/2

 1 0 00 1 0
0 0 ek

 , (2.24)
where |eh| denotes the determinant of the matrix eh and 1 denotes the appropriate unit matrices, δij , δ
ij
kl
or δAB . We interpret these transformations as turning on a gravitational field in the dualisable directions
(i.e. the metric gij), a 3-form field (Cijk), trivector field (Ω
ijk) and a gravitational field in the undualisable
directions, respectively.
In flat space the generalised line element is just
dS2 =
∑
i
dxidxi +
∑
A
dxAdxA +
∑
i,j
1
2
dyijdyij (2.25)
and we can chose the generalised vielbein to be
LM¯N = δ
M¯
N , (2.26)
where M¯ labels the flat tangent space generalised coordinates XM¯ =
(
xi¯, 1√
2
yi¯j¯ , x
A¯
)
. Then we can turn
on a gravitational field and in the dualised directions a 3-form
L→ exp(
1
3!
CijkR
ijk) exp(−hijK
j
i) exp(−h
A
BK
B
A)L. (2.27)
Upon identifying eh = e˜ and ek = e˜8 as the metric vielbeins in the dualisable and undualisable directions
and denoting by |e˜|, |e˜8| their respective determinants, we obtain the generalised vielbein
LM¯N = |e˜e˜8|
−1/2


e˜j¯i 0 0
1√
2
Ci¯j¯k e
[i
[k¯
e
j]
l¯]
0
0 0 e˜A¯B

 . (2.28)
We will write this without explicit indices as
L = |e˜e˜8|
−1/2


e˜ 0 0
1√
2
eeC ee 0
0 0 e˜8

 . (2.29)
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We can also consider turning on a gravitational field and trivector in the dualisable directions to get
LΩ = |e˜11|
−1/2


e˜ 1√
2
e˜Ω 0
0 ee 0
0 0 e˜8

 , (2.30)
where |e˜11| is the determinant of the full 11-dimensional metric vielbein.
The two generalised vielbeins are related by a local H ∈ H3 ⊗ SO(8) rotation, where H3 = SO(3)⊗
SO(2) and H3 ⊗ SO(8) is a maximal compact subgroup of E3 ⊗GL(8),
LΩ = HL. (2.31)
Because the two systems are related by an internal relation they are physically equivalent. This will be
explored in more detail in section 3. The generalised metrics of the gravity and 3-form system is
HMN =
(
LTL
)
MN
= |g11|
−1/2


gij +
1
2C
pq
i Cpqj
1√
2
C mni 0
1√
2
Cklj g
k[mgn]l 0
0 0 gAB

 , (2.32)
where |g11| denotes the determinant of the 11-dimensional metric.
We will often drop the indices and write this as
H = LTL (2.33)
= |g11|
−1/2


g + 12Cg
−1g−1C 1√
2
Cg−1g−1 0
1√
2
g−1g−1C g−1g−1 0
0 0 g8

 , (2.34)
where g is the metric in the dualisable directions, i.e. has components gij, while g8 is the metric in the
eight transverse directions with components gAB, and g11 is the full 11-dimensional metric.
The other generalised metric with the trivector field is
H = LTΩLΩ (2.35)
= |g11|
−1/2


g 1√
2
gΩ 0
1√
2
Ωg g−1g−1 + 12ΩgΩ 0
0 0 g8

 .10 (2.36)
This generalised metric parametrises the coset E3⊗GL(8)H3⊗SO(8) where H3 = SO(2) ⊗ SO(3) is a maximal
compact subgroup of E3 = SL(2)⊗SL(3). H transforms as a (0,2)-tensor under this “extended” U-duality
such that for Ue ∈ E3 ⊗GL(8),
H → UTe HUe, (2.37)
10The metrics g11 = g3 ⊗ g8 in these two generalised metrics are different. The generalised metrics are equal though as
they parametrise the same physical system using different variables. See section 3.
– 8 –
or in terms of the generalised vielbein
L→ LUe, (2.38)
while it remains invariant under the action of He ∈ H3⊗SO(8)
11 since that just acts through an internal
rotation of the generalised vielbein
L→ HeL. (2.39)
This is analogous to the way the conventional Lorentzian metric parameterises the coset GL(d)SO(d−1,1) where
GL(d) is the group of diffeomorphisms and SO(d − 1, 1) is the local Lorentz symmetry12, seen to act
explicitly on the vielbein but not on the metric itself.
Because of the block-diagonal form, the E3 and GL(8) groups act independently, see equations (2.21)
– (2.24), so that a general element of the “extended” U-duality group E3 ⊗GL(8) can be written as
Ue =
(
U 0
0 G
)
, (2.40)
where U ∈ E3 is a 6× 6 U-duality generator and G ∈ GL(8).
|g11|
−1/2
(
g + 12Cg
−1g−1C 1√
2
Cg−1g−1
1√
2
g−1g−1C g−1g−1
)
(2.41)
transforms as a (0,2)-tensor under a U-duality transformation U ∈ E3 while
|g11|
−1/2g8 (2.42)
remains invariant under the U-dualities. This means that, in general, the transverse metric g8 is not
invariant under U-duality as we will see explicitly in section 4. The GL(8) group just acts as rigid
diffeomorphisms on the transverse space such that for G ∈ GL(8)
g8 → G
T g8G. (2.43)
Finally, it is important to stress that the conformal factor |g11|
−1/2 in front of the generalised metric is
crucial for it to transform as a tensor under U-duality. We will give the transformation rules explicitly in
section 4 where it will become apparent that the conformal factor is necessary because of the transformation
of the transverse space. One may also wish truncate the theory by dimensionally reducing along the
transvserse eight-dimensional space. The generalised metric must then be constructed from the E3 =
SL(2) ⊗ SL(3) algebra alone. After a simple calculation one finds
HMN = |g|
1/6
(
gij +
1
2C
pq
i Cpqj
1√
2
C mni
1√
2
Cklj g
k[mgn]l
)
. (2.44)
Because of the new conformal factor this generalised metric is non-dynamical, i.e. the Lagrangian of the
truncated theory cannot be rewritten in terms of the generalised metric. This is analogous to the case of
11Recall that we are taking the full eleven dimensional theory to be Euclidean in order to avoid timlike dualities. Hence
we use a SO(8) local invariance of the GL(8) rigid diffeomorphisms acting on the transverse space. For Ed symmetry with
d < 11 one could also have chosen to keep a Lorentzian signature of the full 11-dimensional theory but demand that time
always be part of the transverse undualisable space. In this case one would then have a local invariance of H3 ⊗ SO(7, 1).
12For Euclidean signature, as is used in this paper, SO(d− 1, 1) is replaced by SO(d).
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SL(5) which was considered in [28]. Despite this drawback, this generalised metric can be expressed in
terms of the trivector Ωijk instead of the 3-form Cijk in the same manners as in equation (2.36). This is
important since E11, and hence E3, treat the 3-form and trivector on the same footing and happens only
for the two conformal factors considered here. This, in fact, ensures that the generalised metric transforms
as a tensor under U-duality. In conclusion, we see that the generalised metric transforms as a tensor under
U-duality if the conformal factors |g|1/6 or |g11|
−1/2 are used for the truncated theory and 11-dimensional
one, respectively. With a different conformal factor, the generalised metric will not transform correctly
under dualities.
2.2 d = 4 generalised metric
For the duality group acting in four dimensions we decompose E11 into SL(5)⊗GL(7), where SL(5) = E4
is the U-duality group in four dimensions. The algebra of the motion group is again given by equations
(2.2) – (2.6) and (2.10) and the generalised metric can be constructed in an analogous fashion to obtain
H = |g11|
−1/2


g + 12Cg
−1g−1C 1√
2
Cg−1g−1 0
1√
2
g−1g−1C g−1g−1 0
0 0 g7

 (2.45)
and expressed in terms of the trivector Ω3 we get
HΩ = |g11|
−1/2


g 1√
2
gΩ 0
1√
2
Ωg g−1g−1 + 12ΩgΩ 0
0 0 g7

 . (2.46)
A similar generalised metric was found in [25, 69] in the four-dimensional case. However, there the
conformal factor was missed. While the resultant generalised metric still unifies the gauge symmetries of
the bosonic fields — the diffeomorphism symmetry and gauge symmetry of the 3-form, C3 —, it does not
transform as a tensor under U-duality, as explained in the discussion on the three-dimensional generalised
metric above.
Because the generalised metrics for d = 3 and d = 4 have a similar structure most considerations
apply equally to both. Thus, the following comments will apply to both except where explicitly stated
otherwise.
2.3 Duality invariant action
The action of the U-duality group Ed has been “geometrised” in the sense that it can be seen to arise
from rigid transformations of the generalised coordinates
XM =


xi
1√
2
yij
xA

 . (2.47)
Under the extended U-duality group Ue ∈ Ed ⊗ GL(d¯), where d + d¯ = 11, the generalised coordinates
transform as vectors
X → U−1e X. (2.48)
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The generalised line element dS2 = HMNdX
MdXN then remains invariant under the extended U-duality
transformations.
The 11-dimensional Lagrangian can be written in a manifestly invariant way by expressing it in terms
of the generalised metric H and generalised coordinates X. This requires an integration by parts so it
becomes a first order Lagrangian13
L =
√
|g11|
(
R−
1
48
F 2
)
∼
√
|g11|
[
1
2
∂a ln |g11|∂bg
ab −
1
2
gab∂ag
cd∂cgbd
+
1
4
gab∂a ln |g11|∂b ln |g11|+
1
4
gab Tr
(
∂ag
−1
11 ∂bg11
)
−
1
48
F 2
]
,
where |g11| denotes the determinant of the 11-dimensional metric and by ∼ we mean equal up to integration
by parts. In addition to H and X we can also use the U-duality invariant |g11|
−1/2gd¯ where gd¯ is the metric
in the undualisable d¯ directions. This term remains invariant under the action of the extended U-duality
group Ed ⊗ GL(d¯) as long as its spacetime indices are contracted appropriately. We find that for d = 4
the Lagrangian can be written as
L ∼
1
12
HMN∂MH
PQ∂NHPQ −
1
2
HMN∂MH
PQ∂PHNQ
+
1
108
HMN
(
HKL∂MHKL
) (
HPQ∂NHPQ
)
+
1
6
HMN∂M
(
|g11|
1/2gAB
)
∂N
(
|g11|
−1/2gAB
)
.
(2.49)
The action written in terms of the generalised metric reduces to the usual Einstein-Hilbert-3-form
action if we take ∂y = 0, i.e. no dependence on the “dual” coordinates.
14 As mentioned before, the
restriction of U-dualities to act only in d = 3, 4 directions is artificial and the full duality group should
be taken to act in all eleven directions. The restriction is simply used to make the calculation more
tractable. When the full duality group, E11,
15 is considered and the appropriate generalised metric, H11,
is constructed, we expect the Lagrangian to be expressible purely in terms of H11.
For now, though, this action suffices and is manifestly duality invariant so that U-dualities turn
solutions of the generalised field equations into new solutions. Because the coordinates transform as well
under a U-duality, even if we start with a solution of the Einstein-3-form system, i.e. one satisfying the
sectioning condition ∂y = 0, the transformed solution may no longer preserve this condition. Thus, the
transformed solution may contain dual coordinates, yij. However, if the duality transformations are taken
along isometries then no dual coordinates will be introduced into the solution.
3 Ω-field and local symmetry
The action of the GL(d¯) group is nothing but rigid diffeomorphisms acting on the transverse undualisable
space and we will thus ignore it. We therefore only consider the action of the U-duality group Ed, and
13The Chern-Simons term vanishes because here the 3-form has non-vanishing components only in the dualisable directions.
14We stress that the Lagrangian for the truncated theory, i.e. where the theory is dimensionally reduced along the transverse
space, cannot be rewritten in terms of its generalised metric because the appropriate generalised metric is non-dynamical as
mentioned in section 2.1 and as discussed more explicitly for the four-dimensional case in [28].
15We use the term “group” to describe E11 in the same way as [11].
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restrict the generalised metric to the components along dualisable coordinates and their dual coordinates.
The transverse coordinates xA → xA will always transform trivially under this group and we can, and
will, simply ignore the coordinates xA except where mentioned explicitly.
As discussed in section 2, when we construct the generalised metric from its U-duality algebra, we
find that it should contain three fields: the metric g, the 3-form potential C3 and a tri-vector potential
Ω3. However, the two matter fields C3 and Ω3 are not independent but can be rotated into one another
by a local symmetry H ∈ Hd. Thus, the true physical degrees of freedom can be described by either
HC(g11, C3) or HΩ(g¯11,Ω3), where the metrics g11 and g¯11 are different in general. It is useful to have a
way of rewriting a system with metric and 3-form into one with metric and tri-vector because, when it
comes to dualities, one of the descriptions may prove more useful as I will explain in section 4.
The generalised metric written with respect to C3 is given in equations (2.34) and (2.45). On the
other hand, when constructed with a metric and tri-vector field it is
HΩ = |g¯11|
−1/2


g¯ij
1√
2
g¯ikΩ
kmn 0
1√
2
Ωklmg¯mj g¯
k[mg¯n]l + 12Ω
klpg¯pqΩ
qmn 0
0 0 g¯d¯


≡ |g¯11|
−1/2


g¯ij
1√
2
Ω mni 0
1√
2
Ωklj g¯
k[mg¯n]l + 12Ω
klpΩ mnp 0
0 0 g¯d¯

 .
(3.1)
We use the convention that indices on Ω3 are always lowered with g¯ unless specified otherwise.
Because the generalised metrics HC and HΩ are related by internal rotations they must be equal.
From the equation
HC(g11, C3) = HΩ(g¯11,Ω3) (3.2)
we can read off the relations between the fields g,C and g¯,Ω. In three dimensions we find that
g¯ij = gij
(
1 + V 2
)2/3
,
Ωijk =
ǫijkV
1 + V 2
=
gimgjngkoCmno
1 + V 2
,
g¯AB = gAB
(
1 + V 2
)−1/3
,
(3.3)
where V = 13!ǫ
ijkCijk and ǫ
ijk is the Levi-Civita tensor in the three dimensions to be dualised.
The inverse identities are
gij = g¯ij
(
1 +W 2
)−2/3
,
Cijk =
ǫ¯ijkW
1 +W 2
=
g¯img¯jng¯koΩ
mno
1 +W 2
,
gAB = g¯AB
(
1 +W 2
)1/3
,
(3.4)
where W = 13! ǫ¯ijkΩ
ijk and ǫ¯ijk is the Levi-Civita tensor with respect to g¯3.
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In four dimensions we have
g¯ij = gik
((
1 + V 2
)
δkj − V
jVk
) (
1 + V 2
)−1/3
,
Ωijk =
ǫijklVl
1 + V 2
=
gimgjngkoCmno
1 + V 2
,
g¯AB = gAB
(
1 + V 2
)−1/3
,
(3.5)
where V i = 13!ǫ
ijklCjkl, V
2 = V iVi and ǫ
ijkl is the Levi-Civita tensor with resepect to g4 and inverse
identities
gij = g¯ik
(
δkj +W
kWj
) (
1 +W 2
)−2/3
,
Cijk =
ǫ¯ijklW
l
1 +W 2
=
g¯img¯jng¯koΩ
mno
1 +W 2
,
gAB = g¯AB
(
1 +W 2
)1/3
,
(3.6)
where similarly Wi =
1
3! ǫ¯ijklΩ
jkl, W 2 =W iWi and ǫ¯ijkl is the Levi-Civita tensor with respect to g¯4.
4 U-duality
We will now discuss the orbits of U-duality acting in three and four directions. The three-dimensional
case will be explained in detail, but since the four-dimensional case is very similar, details which are the
same will be omitted.
4.1 Duality in d=3, SL(2)⊗ SL(3)
The U-duality group acting in three directions E3 = SL(2)⊗SL(3) is generated by the following elements,
given in the representation acting on the generalised metric,
Uω ≡ exp(
1
3!
ωijkRijk) =
(
1 1√
2
ω
0 1
)
, (4.1)
Uc ≡ exp(
1
3!
cijkR
ijk) =
(
1 0
1√
2
c 1
)
, (4.2)
UGL(3) ≡ exp(−h
i
jK
j
i) = |A|
−1/2
(
A 0
0 A−TA−T
)
, (4.3)
where A = eh denotes a 3x3 matrix. Thus, the U-duality group acts through GL(3) of rigid diffeomor-
phisms acting on the metric g3, and constant shifts in the 3-form potential C3 and tri-vector potential Ω3.
These are all gauge transformations of the fields
g3 → A
T g3A, (4.4)
C3 → C3 + c, (4.5)
Ω3 → Ω3 + ω, (4.6)
g8 → g8, (4.7)
but because of the non-linear relation between (g11, C3) and (g¯11,Ω3), a gauge transformation of Ω3 will
relate two physically distinct systems expressed through a metric g11 and 3-form C3.
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4.1.1 SL(3) subgroup
The SL(3) subgroup acts by interchanging the three dualisable directions. This is a “geometric” SL(3): if
the three dualisable directions form a 3-torus, the SL(3) is just its modular group. The group elements are
obtained by exponentiating the traceless generators of the algebra K˜ij . Their representation thus consists
of matrices of unit determinant
USL(3) =
(
A 0
0 A−TA−T
)
, (4.8)
or with indices made explicit
(
USL(3)
)M
N
=
(
Aij 0
0
(
A−1
) [k
[m
(
A−1
) l]
n]
)
. (4.9)
Here detA = 1 so detU = 1. The transformation just interchanges the dualisable directions
xi →
(
A−1
)i
j
xj ,
yij → A
k
i A
l
j ykl,
gij → A
k
i gklA
l
j.
(4.10)
Each pair of directions is acted on by a SL(2) subgroup belonging to SL(3). If we regard the two
directions as forming a T 2 we get the usual Ka¨hler parameter
τ =
1
g11
(
g12 + i
√
|g2|
)
, (4.11)
where we have taken the directions x1 and x2 as a pair and define |g2| = g11g22 − g
2
12. The action of the
SL(2), even if the directions do not form a T 2, is then the usual
τ →
aτ + b
cτ + d
, (4.12)
ad− bc = 1.
For example, τ → a2τ , i.e. a = 1/d and b = c = 0 above, is generated by
A =

 a 0 00 1a 0
0 0 1

 , (4.13)
τ → τ + b is generated by
A =

 1 b 00 1 0
0 0 1

 , (4.14)
and τ → τcτ+1 is generated by
A =

 1 0 0c 1 0
0 0 1

 . (4.15)
– 14 –
4.1.2 SL(2) subgroup
The SL(2) contains the non-trivial action of U-duality on the metric g11 and 3-form C3. The group is
generated by the elements
Uω ≡ exp(ω
123R123) =
(
1 1√
2
ω
0 1
)
, (4.16)
Uc ≡ exp(c123R
123) =
(
1 0
1√
2
c 1
)
, (4.17)
Uα ≡ exp(hK) =
(
α 0
0 α7
)
, (4.18)
where α = eh/2 is a scalar.
Uα just generates scalings of the coordinates so that
x→ α−1x,
y → α−7y,
g3 → α
−4g3,
C3 → α
−6C3,
g8 → g8.
(4.19)
Uc shifts the 3-form potential by a constant. But because generalised geometry geometrises the duality
transformations, the generalised coordinates will transform as well
xi → xi,
yij → yij − cijkx
k,
gab → gab,
Cijk → Cijk + cijk.
(4.20)
On the other hand, Uω shifts the trivector potential Ω by a constant. The transformation is trivial
written in terms of g¯11,Ω3
xi → xi −
1
2
ωijkyjk,
yij → yij,
g¯ab → g¯ab,
Ωijk → Ωijk + ωijk.
(4.21)
All three transformations look like gauge transformations in a certain frame (i.e. g11, C3 or g¯11,Ω3) and thus
describe “equivalent” systems as seen from the level of M-branes. The C-shift is a gauge transformation as
seen in the (g11, C3) frame but is a non-trivial transformation in the (g¯11,Ω3) frame. Similarly, the Ω-shift
is a gauge transformation in the (g¯11,Ω3) frame but gives a non-trivial transformation in the (g11, C3)
frame.
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Using the relations (3.3) and (3.4) we can calculate the action of UΩ as seen in the (g11, C3) frame.
For Ω123 = A we find
g′ij = gij
(
(1 +AC123)
2 +A2|g3|
)−2/3
,
g′AB = gAB
(
(1 +AC123)
2 +A2|g3|
)1/3
,
C ′123 =
C123 (1 +AC123) +A|g3|
(1 +AC123)
2 +A2|g3|
.
(4.22)
This kind of transformation is related to the Lunin-Maldacena deformation [86–88] of supergravities that
was found by studying their holographic duals.
The transformations Uc, Uω, Uα together generate a SL(2) subgroup that can be seen to act on the
Ka¨hler parameter
E = i
√
|g3|+ C123, (4.23)
or in covariant notation
E =
√
|g3| (i+ ⋆C3) , (4.24)
where ⋆ is the Hodge dual operator in 3-dimensions ⋆C3 ≡
1
3!ǫ
ijkCijk and ǫ
123 = 1√g3 is the 3-d Levi-Civita
tensor. Under this SL(2) group E transforms as
E →
aE + b
cE + d
. (4.25)
For a M2-brane this corresponds to the Ka¨hler parameter for T-duality transformations, as found in [89].
We find that the duality transformations act through
dilatations, Uα : E → α
−6E, (4.26)
C3 shifts, Uc : E → E + c123, (4.27)
and Ω3 shifts, Uω : E →
E
1 + ω123E
. (4.28)
There is also a component which generates what we will call a “Buscher duality”. We will show that
it reduces to a pair of Buscher dualities [4, 5] of the Type IIA background in section 5. It acts on the
Ka¨hler parameter as
E → −
1
E
, (4.29)
and can be constructed from three successive SL(2) transformations
UB =
(
1 0
1√
2
C 1
)(
1 1√
2
Ω
0 1
)(
1 0
1√
2
C 1
)
=
(
0 1√
2
Ω
1√
2
C 0
)
, (4.30)
where 12ΩC = −1, i.e.
Ω123 = A,
C123 = −1/A.
(4.31)
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The transformation of the fields in the (g11, C3) frame can then seen to be
g′ij = gij
(
A2
(
C2123 + |g3|
))−2/3
,
g′AB = gAB
(
A2
(
C2123 + |g3|
))1/3
,
C ′123 = −
C123
A2
(
C2123 + |g3|
) .
(4.32)
For a 3-torus that is dualised, i.e. g11 = R
2
1, g22 = R
2
2, g33 = R
2
3 and C123 = 0 we find with A = 1
R1 → R
1/3
1 R
−2/3
2 R
−2/3
3 ,
R2 → R
−2/3
1 R
1/3
2 R
−2/3
3 ,
R3 → R
−2/3
1 R
−2/3
2 R
1/3
3 .
(4.33)
This actually reduces to a pair of Buscher dualities of string theory as we will show in section 5.
Finally, for sake of completeness, we will define a Ka¨hler parameter for the g¯,Ω system
E¯ =
i√
|g¯3|
+Ω123
=
1√
|g¯3|
(i+W ) .
(4.34)
This Ka¨hler parameter now transforms as
E¯ →
aE¯ + b
cE¯ + d
, (4.35)
where ad− bc = 1 and we find
Uα : E¯ → α
6E¯, (4.36)
Uω : E¯ → E¯ + ω
123, (4.37)
Uc : E¯ →
E¯
1 + c123E¯
. (4.38)
4.2 Duality in d=4, SL(5)
For d = 4 the U-duality group SL(5) similarly contains a SL(4) subgroup generating rigid diffeomorphisms.
This SL(4) subgroup is once again generated by exponentiating the traceless algebra generators K˜ij. Its
elements are thus of the form
USL(4) =
(
A 0
0 A−TA−T
)
, (4.39)
wwhere detA = 1 and A−TA−T again represents the antisymmetrised product as has been made explicit
in equation (4.9). Once again these transformations only interchange the dualisable coordinates amongst
themselves.
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For every set of three spacetime directions, the quotient group SL(5)/SL(4) contains a SL(2) subgroup
SL(2)123 = {Uα, Uω123 , Uc123} ,
SL(2)124 = {Uα, Uω124 , Uc124} ,
SL(2)134 = {Uα, Uω134 , Uc134} ,
SL(2)234 = {Uα, Uω234 , Uc234} ,
(4.40)
although these do not commute amongst themselves. For each of these d!(d−3)!3! SL(2) subgroups we can
define a Ka¨hler parameter just as before, e.g.
E123 =
√
|g4|
(
ig44 + (⋆C3)
4
)
(4.41)
= i
√
|g3|+ C123, (4.42)
where |g3| = |g4|g
44. Under SL(2)123 this Ka¨hler parameter transforms as in equation (4.25). The
C-shifts and dilatations act exactly as before ,whereas there is a difference when considering Ω-shifts.
For these we find that the transformations are the same for gαβ and Cαβγ as in the 3-d case, where
α, β, γ = 1, 2, 3. However, the mixed and transverse components transform differently if there are non-
zero mixed components of the metric, gα4, and 3-form, Cαβ4. Explicitly, we have for Ω
123 = A
g′ij =
(
gij +A
√
|g4|Viδ
4
j +A
√
|g4|Vjδ
4
i +A
2|g4|
(
1 + V 2
)
δ4i δ
4
j
)
×
(
(1 +AC123)
2 +A2|g4|g
44
)−2/3
,
g′AB = gAB
(
(1 +AC123)
2 +A2|g4|g
44
)1/3
,
C ′ijk =
Cijk (1 +AC123) +A
√
|g4|ǫijklg
l4
(1 +AC123)
2 +A2|g4|g44
,
(4.43)
and letting |gαβ | = |g3|, we can write this as
g′αβ = gαβ
(
(1 +AC123)
2 +A2|g3|
)−2/3
,
g′α4 =
(
gα4 −
1
3!
Agαi
√
|g4|ǫ
ijklCjkl
)(
(1 +AC123)
2 +A2|g3|
)−2/3
,
g′44 = g44
(
(1 +AC123)
2 +A2|g3|
)1/3
+
(
A2|g3|
(
1
g44
− g44
)
+A2|g4|g4αV
4V α +A2|g4|V
αVα + 2Ag4αV
α
√
|g4|
)(
(1 +AC123)
2 +A2|g3|
)−2/3
,
g′AB = gAB
(
(1 +AC123)
2 +A2|g3|
)1/3
,
C ′ijk =
Cijk (1 +AC123) +A
√
|g4|ǫijklg
l4
(1 +AC123)
2 +A2|g3|
.
(4.44)
5 Type IIA T-duality
11-dimensional supergravity compactified on S1 of zero radius gives rise to the IIA ten-dimensional su-
pergravity. Similarly, the generalised geometry formulations are related. In [90] the non-linear realisation
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of E11 is used to obtain the generalised metric of the type IIA supergravity while [91] directly reduces the
E4 = SL(5) generalised metric to obtain the SO(3, 3) generalised metric of string theory. Here we discuss
the connection between the U-duality transformations to the T-duality symmetry of the ten-dimensional
supergravity. Here T-duality always means those dualities mapping type IIA supergravity to type IIA so
that they appear as a symmetry of the 10-dimensional type IIA supergravity. A single Buscher T-duality
maps type IIA to type IIB and thus Buscher T-dualities will always need to be performed in pairs. We
will first review the relevant parts of the type IIA double field theory.
5.1 Double field theory
Just as for the 11-dimensional SUGRA action, one can rewrite the type IIA 10-dimensional action in a way
that makes the T-duality symmetry manifest [30–33]. When one restricts oneself to act with T-duality
in only n = d − 1 directions,16 the T-duality transformations form the group SO(n, n). As mentioned
above, a single Buscher T-duality turns type IIA into type IIB and is not a symmetry of the action. These
transformations form the parity reversing elements of the full T-duality group, O(n, n), which we ignore
in order to make connection with the Ed symmetry group.
The generalised metric unites the string metric h and Kalb-Ramond form B in the n dualisable
directions17 in a T-duality tensor
HS =
(
h−Bh−1B Bh−1
−h−1b h−1
)
. (5.1)
We split the indices µ, ν = 1, . . . 10 into i, j = 1, . . . n for the dualisable directions and A,B = n+1, . . . 10
for the undualisable directions. Thus with components written explicitly we have
(HS)MN =
(
hij −Bikh
klBlj Bikh
kj
−hikBkj h
ij
)
. (5.2)
Under T-duality the generalised metric obeys a tensor transformation law
HS → T
THST, (5.3)
for T ∈ SO(n, n), the representation of the T-duality element.
The dilaton, φ, enters through a T-duality scalar
e−2d =
√
|h|e−2φ, (5.4)
i.e.
φ′ = φ+
1
4
ln
|h′|
|h|
(5.5)
under T-duality. Because T-duality exchanges momenta, Pi, and winding numbers, W
i, of the string
Pi ↔W
i, (5.6)
16Here we use n = d− 1 to make the connection with Ed
17We once again ignore fermions and focus only on the bosonic fields, the metric, Kalb-Ramond form and dilaton.
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the n spacetime coordinates, xi, form a T-duality vector together with coordinates Fourier-dual to the
winding numbers, x˜i,
XM =
(
xi
x˜i
)
. (5.7)
The T-duality tensors HS, e
−2d and X can be used to write a manifestly T-duality invariant action
for type IIA supergravity just as has been done for the 11-dimensional SUGRA action, equation (2.49).
The assumptions are as before that gS is factorisable and B has non-vanishing components only along
dualisable directions.
5.2 SO(n, n) T-duality
The T-duality group SO(n, n) is generated by the elements
TGL(n) =
(
G 0
0 G−1
)
, (5.8)
Tb =
(
1 0
b 1
)
, (5.9)
Tβ =
(
1 β
0 1
)
, (5.10)
where G ∈ GL(n), bij is a two-form and leads to a shift in the Kalb-Ramond form Bij → Bij + bij , while
βij is a bivector and leads to a shift in the bivector γij → γij + βij .18
The GL(n) action can be further decomposed as a scaling, Tα, and the action of SL(n), TSL(n),
Tα =
(
α 0
0 α−1
)
, (5.11)
TSL(n) =
(
A 0
0 A−1
)
, (5.12)
where A ∈ SL(n).
The elements TSL(n) generate a SL(n) subgroup in the obvious way, while the quotient group SO(n, n)/SL(n)
contains for each of the n!(n−2)!2! pairs of dualisable directions a SL(2) subgroup generated by
SL(2)ij =
{
Tα, Tbij , Tβij
}
, (5.13)
where i, j label the specific pair of directions to be dualised (i 6= j). Each SL(2)ij acts on its Ka¨hler
parameter, E(ij),
E(ij) = i
√
|h|+Bij, (5.14)
18Just as in 11-dimensional SUGRA, we can describe the dynamics of type 10-dimensional IIA SUGRA using (gS, B), i.e.
a metric and Kalb-Ramond form, or (g¯S, γ), i.e. a different metric and a bivector [85]. The two descriptions are related by a
local O(n)⊗O(n) rotation except in the case of non-geometric backgrounds where the bivector field cannot be gauged away
and is related to non-geometric fluxes [42, 44, 46–48, 85].
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such that
E(ij) →
aE(ij) + b
cE(ij) + d
, (5.15)
with ad− bc = 1. The transformations are related to Tα, Tb, Tβ analogously as for 11-dimensional super-
gravity (4.26) – (4.28).
5.3 Ed U-duality and SO(d− 1, d− 1) T-duality
11-dimensional supergravity can be reduced along a direction, which we label τ , to obtain the 10-
dimensional type IIA supergravity [92]. The wrapping modes of M2-branes are related to string winding
numbers
Zτi =W i, (5.16)
and thus the dual coordinates match up as
yτi = x˜i. (5.17)
The 11-dimensional metric gives rise to the string metric, gS , as follows
ds211 = e
4φ/3(dτ +Aµdx
µ)2 + e−2φ/3 (gS)µν dx
µdxν , (5.18)
with indices µ, ν = 1, . . . 10 labeling the string theory directions. We further identify Cτij = Bij, the Kalb-
Ramond form of type IIA, and we will also identify Ωτij = βij, the bivector arising in the type IIA double
field theory [42, 44, 46–48, 85]. The Aµ are Ramond-Ramond 1-forms while Cµνγ are Ramond-Ramond
3-forms.
The SO(n, n) T-duality group is a subgroup of the Ed U-duality group. The part of the SL(d)
subgroup of Ed consisting of interchanges of the dualisable coordinates will map to a SL(n) subgroup
of the SO(n, n) T-duality of the corresponding type IIA supergravity. The map is a direct identification
of those elements of SL(d) not involving the τ coordinate to elements in SL(n). The remaining d − 1
transformations in the SL(d) subgroup of U-duality do not act as T-dualities but rather interchange the
string coupling constant eφ and a string direction. These are expected to give rise to S-duality of the
related type IIB supergravity [93–96].
Of the d!(d−3)!3! SL(2) subgroups in Ed/SL(d) there are
(d−1)!
(d−3)!2! involving the coordinate τ . These will
map to the SL(2) subgroups of SO(d− 1, d − 1)/SL(d − 1) in a straightforward identification
Uα → Tα−3 , (5.19)
UCτij → TBij , (5.20)
UΩτij → Tβij . (5.21)
It is trivial to check explicitly that the transformations Uα and UCτij generate the same transformations
of gS , φ and B as Tα−3 and TBij .
5.4 Ω and β shifts
For UΩ the calculation is slightly more involved and we will give the details here. We will consider the
transformation from the d = 3 U-duality group SL(2) ⊗ SL(3) which should match a transformation in
SO(2, 2). The result for d = 4 is very similar but has the added complication of possible off-diagonal
components of the metric and non-trivial transformations of the Ramond-Ramond form. As explained
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in section 1, we assume the M-theory metric is factorisable g11 = g3 ⊕ g8 and the only non-zero 3-form
component is that in the three dualisable directions. This means that the metric ansatz (5.18) simplifies
to
ds2 = e4φ/3
(
dτ +Aidx
i
)2
+ e−2φ/3
(
hijdx
idxj +GABdx
AdxB
)
, (5.22)
where i, j = 1, 2 and A,B = 3, . . . 10 and the string metric gS = h ⊕ G is factorisable into components
along the 2 dualisable string theory directions (i, j = 1, 2) and the 8 undualisable ones (A,B = 3, . . . 10).
We now dualise along directions xα, α = τ, 1, 2 and consider UΩ with Ω
τ12 = A. We need |g3|, the
determinant of the metric in these three directions. We find
|g3| = gττ |g11g22 − g
2
12| = e
4φ/3e−4φ/3|h11h22 − h212|
= |h|.
(5.23)
This only works because gµν =
1√
gττ
hµν which occurs for the reduction ansatz (5.18).
Thus, from (4.22) we get
g′ij = gij
(
(1 +AB12)
2 +A2|h|
)−2/3
, (5.24)
g′AB = gAB
(
(1 +AB12)
2 +A2|h|
)1/3
, (5.25)
B′12 =
B12 (1 +AB12) +A|h|
(1 +AB12)
2 +A2|h|
. (5.26)
Using again the relation between 11-dimensional and 10-dimensional metric, (5.22), we find the new
string fields
e2φ
′/3 = e2φ/3
(
(1 +AB12)
2 +A2|h|
)1/3
, (5.27)
h′ij = hij
(
(1 +AB12)
2 +A2|h|
)−1
, (5.28)
A′i = Ai, (5.29)
G′AB = GAB , (5.30)
B′12 =
B12 (1 +AB12) +A|h|
(1 +AB12)
2 +A2|h|
. (5.31)
This is precisely the SO(2, 2) transformation obtained from Tβ with β
12 = A.
5.5 Buscher T-duality
Because a single Buscher T-duality [4, 5] will turn a type IIA solution into one of type IIB, we will only
consider even numbers of Buscher transformations so that we keep IIA supergravity and can make a direct
identification with the 11-dimensional supergravity fields. If the duality acted on a two-torus (radii R1
and R2) with vanishing Kalb-Ramond form it would take
R1 →
1
R1
,
R2 →
1
R2
.
(5.32)
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As I will show now the corresponding duality in M-theory is generated by
UB =
(
0 1√
2
Ω
1√
2
C 0
)
, (5.33)
with Ωτ12 = A,Cτ12 = −
1
A being the only non-vanishing components of Ω and C. In (4.32) we see the
transformation acts as
g′ij = gij
(
A2
(
C2τ12 + |g3|
))−2/3
,
g′AB = gAB
(
A2
(
C2τ12 + |g3|
))1/3
,
C ′τ12 = −
Cτ12
A2
(
C2τ12 + |g3|
) .
(5.34)
For the string variables this implies
enφ
′
= enφ
(
A2
(
B212 + |h|
))1/3
,
h′ij = hij
(
A2
(
B212 + |h|
))−1
,
G′AB = GAB ,
B′ij = −
B12
A2
(
B212 + |h|
) .
(5.35)
This is generated by the element
T =
(
0 β
b 0
)
, (5.36)
with b12 = −β
12 = 1. This is just a Buscher T-duality and an exchange of coordinates. Consider
T1 =
(
m 1−m
1−m m
)
,
where m =
(
1 0
0 0
)
,
(5.37)
T21 =
(
0 n
n 0
)
,
where n =
(
1 0
0 1
)
,
(5.38)
and Tswap =
(
l 0
0 l
)
,
where l =
(
0 1
−1 0
)
.
(5.39)
T = T21 × Tswap. (5.40)
T1 is a Buscher T-duality along a single direction, here x
1, while T21 is a Buscher T-duality along directions
x1 and x2 and is thus an element of SO(2, 2). Tswap generates an interchange of the x
1 and x2 directions.
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We see that the transformation we have generated is a Buscher duality on two directions and their
exchange. This is what UB corresponds to when A = 1. Thus, we see that it generates a Buscher-like
T-duality symmetry in the underlying type IIA supergravity.
The 3-torus with vanishing Kalb-Ramond form then transforms under UB with Ω
123 = 1 as
R1 → R
1/3
1 R
−2/3
2 R
−2/3
3 ,
R2 → R
−2/3
1 R
1/3
2 R
−2/3
3 ,
R3 → R
−2/3
1 R
−2/3
2 R
1/3
3 .
(5.41)
It is worth mentioning how the other transformations in the U-duality group are expected to act on
the string effective action. There are (d−1)!(d−4)!3! transformations shifting 3-form components Cµνγ that do
not involve the τ direction and the same number of transformations shifting Ω3 components not involving
τ . The former transformations will shift the Ramond-Ramond 3-form of type IIA supergravity. These
couple to D2-branes and the SL(2) group involving these transformations, which include the Ω-shift, thus
generates dualities of D2-branes. The exact form of these transformations will be discussed in a future
paper. The dilatations Uα act similarly but their action is always just a gauge transformation and thus
trivial. The remaining part is the SL(d) subgroup which, as mentioned before, generates the SL(n)
subgroup of the SO(n, n) T-duality of the type IIA supergravity. The remaining d − 1 transformations
generate S-duality of the related type IIB supergravity [93–96].
6 Example of U-duality: M2-brane
After this rather abstract exposition of U-dualities, we will now consider some specific examples of the
transformations. In the (g11, C3) frame, the actions of USL(d), UC and Uα are simply gauge transformations.
The non-trivial transformation is generated by UΩ. This transformation always acts in three directions,
the ones in which the trivector Ωijk is shifted. Under U-duality the generalised coordinates also transform
XM →
(
U−1
)M
N
XN , (6.1)
and specifically for UΩ we have (
xi
1√
2
yij
)
→
(
xi − 12Ω
ijkyjk
1√
2
yij
)
. (6.2)
The solutions of the low-energy effective action (2.49) that we are used to are those where all fields depend
only on spacetime coordinates, xa, and are independent of the dual coordinates, yij. This amounts to a
sectioning condition that ∂y acting on all fields, g11, C3 and thus H vanishes. To preserve this condition
after duality we have to act with UΩ only along isometries since
∂ij → ∂′ij = ∂ij +Ωijk∂k.19 (6.3)
The easiest solution with the desired properties would be flat space. It is easy to see that the
corresponding transformation will lead to nothing but scalings of the coordinates. The simplest solutions
19We use the convention that ∂ij = ∂
∂yij
and ∂i =
∂
∂xi
.
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that transform non-trivially then are M2-branes because of their three worldvolume isometries on which
we act with the d = 3 U-duality group SL(2) ⊗ SL(3). One could consider S2-branes [97] which have
three spatial worldvolume directions and a Lorentzian transverse spacetime. These have been studied
in the context of Lunin-Maldacena transformations [86, 87] in [98, 99]. However, we will take a different
route here and wick-rotate M2-branes to obtain 11-dimensional Euclidean solutions. The Euclidean theory
still has the E3 ⊗ GL(8) symmetry as the Lagrangian can be written in a manifestly-invariant form as
in equation (2.49). We use this symmetry to obtain dual 11-dimensonal Euclidean solutions and finally
relate these back to Lorentzian solutions by another Wick-rotation. Although the Euclidean solutions are
in general complex we will make appropriate coordinate rescalings such that after the final Wick rotation
the spacetime is real. These resultant spacetimes are guaranteed to be solutions of the Lorentzian 11-
dimensional supergravity. While they may not be “U-dual” to the original Lorentzian solution, since we
obtained them by Wick-rotations and Euclidean U-dualities, one could expect that timelike U-dualities
will give similar results. We thus use this procedure to speculate about timelike dualities of Lorentzian
M2-branes.
6.1 Uncharged black M2-brane
Let’s begin with an uncharged black M2-brane [100] as this involves no 3-form potential.
ds2 = −Wdt2 + dy21 + dy
2
2 +W
−1dr2 + r2dΩ2(7),
W = 1 + h/r6,
Cty1y2 = 0,
(6.4)
where r is the radius in the six transverse directions, dΩ2(7)
20 corresponds to the metric of a S7 and ωd is
the volume of a Sd
ωd =
2π
d+1
2
Γ(d+12 )
. (6.5)
We now Wick rotate to obtain the Euclidean solution.21
ds2 =Wdt2 + dy21 + dy
2
2 +W
−1dr2 + r2dΩ2(7). (6.6)
The coordinates t, y1, y2 are worldvolume coordinates and form isometries. We will dualise along them
with UΩ, where Ω
ty1y2 = A. Using equations (4.22) we obtain
ds′2 =
(
1 +A2W
)−2/3 (
Wdt2 + dy21 + dy
2
2
)
+
(
1 +A2W
)1/3 (
W−1dr2 + r2dΩ2(7)
)
,
C ′ty1y2 =
AW
1 +A2W
.
(6.7)
20The symbol Ω is used here for two different purpose: once in relation to a S7 and once for the trivector. The context will
make it clear what is being meant.
21As mentioned before we have calculated the action of Ed acting on Euclidean spaces in order to avoid the issue of timelike
dualities.
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We first perform a coordinate rescaling so the solution is asymptotically flat in the transverse direc-
tions, i.e. we take
t→ T = t(1 +A2)−1/3,
y1 → Y1 = y1(1 +A
2)−1/3,
y2 → Y2 = y2(1 +A
2)−1/3,
r → R = r(1 +A2)1/6.
(6.8)
The metric and 3-form then become
ds′2 = G−2/3
(
WdT 2 + dY 21 + dY
2
2
)
+G1/3
(
W−1dR2 +R2dΩ2(7)
)
,
C ′TY1Y2 = A−
1
A
(
G−1 − 1
)
,
(6.9)
where
G = 1 +
A2h
R6
,
W = 1 +
h(1 +A2)
R6
.
(6.10)
This is just the supergravity solution describing a Euclidean charged M2-brane. To obtain the
Lorentzian solution we Wick rotate back, i.e. T → −iT . This means we need to take CTY1Y2 → −iCTY1Y2
and A→ iA. Thus we get
ds′2 = G−2/3
(
−WdT 2 + dY 21 + dY
2
2
)
+G1/3
(
W−1dR2 +R2dΩ2(7)
)
,
C ′TY1Y2 = A+
1
A
(
G−1 − 1
)
,
(6.11)
where now
G = 1−
A2h
R6
,
W = 1 +
h(1 −A2)
R6
.
(6.12)
Because the solution is static we can calculate the Komar tension
M2 =
3
4κ2
∫
∂V
⋆K, 22
where la = gab∂
b
t ,
K = dl,
(6.13)
and ∂V is the boundary of the spacetime transverse to the membrane.
The Page charge [101] of the membrane is given by
Q =
1
2
∫
∂V
⋆F + C3 ∧ F,
where F = dC3.
(6.14)
22κ2 = 8piG
(11)
N where G
(11)
N is the 11-dimensional Newton’s constant.
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The tension of the initial solution is given by
M2 = −
9hω7
2κ2
, (6.15)
and we find that under the duality the tension and charge density transform as
M2 →M
′
2 =
(
1−
1
3
A2
)
M2,
Q→ Q′ =
2
3
Aκ2M2 =
2Aκ2M ′2
3−A2
.
(6.16)
Clearly, the uncharged black M2-brane has been dualised into a charged black M2-brane. We have
thus taken a vacuum solution of Einstein’s equations and transformed it into an electrovac solution. This
is an example of a 11-dimensional Harrison transformation [102]. It is important to note that neither
the initial nor the transformed solutions are BPS states. Equations (6.11) and (6.12) show that after
Wick-rotating back, the transformed solution will not be real everywhere. In particular, the harmonic
function
G = 1−
A2h
R6
(6.17)
becomes negative close to the singularity, while the harmonic function
H = 1 +
h(1−A2)
R6
(6.18)
is either positive or negative everywhere, depending on the value of A. This is a problem only of the
Lorentzian solution obtained by Wick-rotating back and is expected to occur because we have implicitly
performed a duality along a timelike direction. We will study this in more detail in a future publication.
Finally, one may want to consider performing a Buscher duality. Using equation (4.32) we find the
transformed solution
ds2 =W−2/3A−4/3
(
Wdt2 + dy21 + dy
2
2
)
+W 1/3A2/3
(
W−1dr2 + r2dΩ2(7)
)
,
Cty1y2 = 0,
(6.19)
which upon rescaling the coordinates to be asymptotically flat
 ty1
y2

→

 TY1
Y2

 = A−1/3

 ty1
y2

 ,
r → R = rA1/6,
(6.20)
and Wick-rotating as before becomes
ds2 =W−2/3
(
−WdT 2 + dY 21 + dY
2
2
)
+W 1/3
(
W−1dR2 +R2dΩ2(7)
)
,
CTY1Y2 = 0,
(6.21)
where W = 1− hA
2
R6
. This is again an uncharged black M2-brane with tension given by
M ′2 =
3A2
2κ2
hω7 = −
A2
3
M2. (6.22)
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Once again the Lorentzian continuation has a harmonic function that is negative close to the singularity
because of the implicit timelike duality. These problems are likely to be related to the difficulties associated
with timelike dualities as in [78, 79]. The Euclidean dual solution does not, however, exhibit any such
problems.
6.2 Extreme M2-Branes
Another example of interest is dualising an extreme M2-brane [103]. This a 1/2-BPS state and thus its
tension and charge are protected from quantum effects. The Euclidean supergravity solution has metric
and 3-form given by23
ds2 = H−2/3
(
dt2 + dy21 + dy
2
2
)
+H1/3
(
dr2 + r2dΩ2(7)
)
,
Cty1y2 = ±iH
−1,
H = 1 +
h
r6
.
(6.23)
We again act with Ωty1y2 = A to obtain
ds′2 = (fH)−2/3
(
dt2 + dy21 + dy
2
2
)
+ (fH)1/3
(
dr2 + r2dΩ2(7)
)
,
C ′ty1y2 = ±i (fH)
−1 ,
f = 1± 2iAH−1.
(6.24)
Rescaling the coordinates once again to make the solution asymptotically flat, (t, y1, y2)→ (1±2iA)
−1/3(t, y1, y2)
and r → r(1± 2iA)1/6 we have
ds′2 = G−2/3
(
dT 2 + dY 21 + dY
2
2
)
+G1/3
(
dR2 +R2dΩ2(7)
)
,
C ′TY1Y2 = ±iG
−1,
G = 1 +
h
R6
(6.25)
and so we see that we obtain the same extreme M2-brane solution. Therefore under the continuous duality,
UΩ, the extreme M2-brane is self-dual.
6.2.1 Extreme M2-brane with a C-shift
Although the extreme M2-brane is self-dual in the parametrisation used above, we can consider performing
a gauge transformation of the 3-form potential C3 before dualising. So we take
ds2 = H−2/3
(
dt2 + dy21 + dy
2
2
)
+H1/3
(
dr2 + r2dΩ2(7)
)
,
Cty1y2 = n± iH
−1,
H = 1 +
h
r6
.
(6.26)
We consider n = const. here so that the gauge transformation is actually generated by a C-shift, UC ∈ E3,
with Cty1y2 = n.
23This can be obtained from the usual solution byWick-rotating. This gives rise to the imaginary charge as Cty1y2 → iCty1y2
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Performing a duality transformation UΩ, where Ω
ty1y2 = A, we now obtain
ds′2 = (fH)−2/3
(
dt2 + dy21 + dy
2
2
)
+ (fH)1/3
(
dr2 + r2dΩ2(7)
)
C ′ty1y2 =
n (1 +An)± i (1 + 2An) + n (1 +An) h
r6
fH
f = (1 +An)
(
1 +An± 2iAH−1
)
(6.27)
so that we rescale the coordinates
 ty1
y2

→ [(1 +An) (1 +An± 2iA)]−1/3

 ty1
y2

 ,
r → r [(1 +An) (1 +An± 2iA)]1/6 ,
(6.28)
in order to obtain an asymptotically flat metric.
ds′2 = G−2/3
(
dT 2 + dY 21 + dY
2
2
)
+G1/3
(
dR2 +R2dΩ2(7)
)
,
C ′TY1Y2 = ±iG
−1 + n (1 +An) (1± 2iAn) ,
G = 1 + (1 +An)2
h
R6
.
(6.29)
Wick-rotating back24
ds′2 = G−2/3
(
−dT 2 + dY 21 + dY
2
2
)
+G1/3
(
dR2 +R2dΩ2(7)
)
,
C ′TY1Y2 = ±G
−1 − n (1 +An) (1± 2An) ,
G = 1 + (1 +An)2
h
R6
.
(6.30)
This solution describes another extreme membrane with tension and charge density given by
M ′2 =M2 (1 +An)
2 ,
Q′ = Q (1 +An)2 ,
(6.31)
so the duality transformation turns the extreme M2-brane into one with different tension and charge
density.
6.2.2 Buscher transformation of an extreme M2-brane
If, on the other hand, we perform a Buscher-duality we find a singular transformation in equation (4.32)
since
|g| = H−2 = −C2ty1y2 (6.32)
in the Wick-rotated solution. Thus, from equation (4.32) it would seem that one cannot perform a
Buscher duality. However, if we remember that a Buscher transformation, UB , can be generated by the
three successive transformations (c.f. equation (4.30))
UB = UCUΩUC , (6.33)
24n→ −in here as well as it is part of the Cty1y2 component
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where Cty1y2 = −
1
A and Ω
ty1y2 = A, then we naively would expect to be able to use the result from the
previous result with n = − 1A . In that case we seem to be getting flat space since
1 +An = 1− 1 = 0, (6.34)
and so
G = 1 +
0× h
R6
. (6.35)
However, it would be very surprising if it were true that the extreme M2-brane can be Buscher dualised to
flat space: since the transformation is invertible, it would mean that flat space in the appropriate frame
can be Buscher dualised to an extreme M2-brane.
One can see what goes wrong in the argument if we add a small parameter, ǫ, to the 3-form which
regularises the singularity in the Buscher transformation
Cty1y2 = iH
−1 + ǫ. (6.36)
Then one finds that to O(ǫ) the resultant Euclidean dual solution is
ds′2 = ǫ−2/3A−4/3 (Hǫ± 2i)−2/3
(
dt2 + dy21 + dy
2
2
)
+ ǫ1/3A2/3 (Hǫ± 2i)1/3
(
dr2 + r2dΩ2(7)
)
,
C ′ty1y2 = ∓i
1
A2ǫ
1
Hǫ± 2i
,
(6.37)
and by rescaling coordinates so the metric becomes manifestly asymptotically flat, i.e. (t, y1, y2) →
(T, Y1, Y2) =
(
±2iǫA2
)−1/3
and r→ R = r(±2iǫA2)1/6 to O(ǫ), we obtain
ds′2 = G−2/3
(
dT 2 + dY 21 + dY
2
2
)
+G1/3
(
dR2 +R2dΩ2(7)
)
,
C ′ = ∓iG−1,
G = 1±
ǫ
2i
+ ǫ2A2
h
R6
.
(6.38)
To leading order in ǫ we can take G to be
G = 1 + ǫ2A
h
R6
(6.39)
but clearly the ǫ2 term can only be ignored where R 6= 0 that is away from the coordinate singularity at
R = 0. In the naive result obtained by using the results from the previous section, this is ignored which
is why the dual solution seems flat. The final interpretation of this issue is not yet clear but it once again
seems to be related to the difficulty of performing dualities in timelike directions.
6.2.3 Quantum effects
Because the M2-brane is a 1/2-BPS state it allows us to have a glimpse at the quantum theory. We
expect that quantum effects break the U-duality group down into its discrete part Ed(Z), for example
SL(2, Z)×SL(3, Z) in the 3-d case, or SL(5, Z) in the 4-d case [80]. This would mean that the parameters
A and n are integer valued. The consequence for the transformation would be that the new tensions and
charges are just integer multiples of the old ones. Since the extreme M2-brane is a fundamental object of
the quantum theory, any extreme solution must have a tension proportional to the fundamental quantum
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of membrane tension, M2 = NM2,fundamental,
25 corresponding to N fundamental membranes stacked on
top of each other. A U-duality transformation then gives a new extreme M2-brane solution of tension
M ′2 = (1 + An)M2, that is a solution corresponding to (1 + An)N M2-branes stacked upon each other.
We see that the discrete U-duality groups preserve mass (tension) and charge (density) quantisation.
7 Conclusion
We have seen how the 11-dimensional action can be written in a way that makes its U-duality symmetry
manifest. For d < 5 the U-duality group’s non-trivial transformation is generated by the trivector shifts,
UΩ, with the other transformations being diffeomorphisms and C3 gauge transformations. We expect a
similar structure in higher dimensional duality groups which we will study in future papers.
The M2-brane is a good arena to study U-dualities as its three worldvolume directions are isometries.
However, no compactification is imposed so that the notion of U-duality used here goes beyond that usually
seen in the literature. Here, it simply means the action of Ed on the supergravity solution. We found
that dualities transform uncharged black M2-branes into charged black ones while the the extreme M2-
brane is self-dual. However, by acting with gauge transformations before dualising the 1/2-BPS solution
one can obtain a non-trivial transformation. This generates new extreme M2-branes with tensions and
charges proportional to the original ones. The proportionality factor becomes an integer when using the
discrete U-duality group Ed(Z). This means that charge and mass quantisation is preserved under discrete
U-duality.
Finally, it is worth mentioning that the formulae presented here are for Euclidean directions which is
why we Wick-rotated the solutions. In the Lorentzian case, the U-duality group Ed remains the same but
the local symmetry group Hd is no longer the maximal compact subgroup as given in table 1, but rather
a non-compact subgroup of Ed [104]. This is similar to the case of pure gravity which can be viewed as a
non-linear realisation of GL(d) [84] with local symmetry group SO(d) for d Euclidean directions. In the
Lorentzian case, the rigid diffeomorphism group is still GL(d) but the local symmetry group becomes the
Lorentz group SO(d− 1, 1). Thus it should not come as a surprise that the U-duality group remains the
same and only the local symmetries change as has been argued from a group-theoretical perspective in
[104]. We can then follow the same procedure as in this paper for the Lorentzian case. One finds similar
results but with the equations of section 3 differing. In fact they differ exactly by what we found when
Wick-rotating the Euclidean duality transformations in section 6, that is C2ty1y2 → −C
2
ty1y2 . We also find
an obstruction to these dualities which may avoid the difficulties arising for time-like dualities found in
[78, 79] and which have been partially seen in the preceding section. We will return to this issue in a
future publication.
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25M2,fundamental =
l6
κ2
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